The conventional mathematical methods are based characteristic scales, while urban form has no characteristic scale in many aspects. Urban area is a measure of scale dependence, which indicates the scale-free distribution of urban patterns. In this case, the urban description based on characteristic scales should be replaced by urban characterization based on scaling. Fractal geometry is one of powerful tools for scaling analysis of cities, thus the concept of fractal cities emerged.
Scientific research starts from description of a phenomenon, and then focuses on understanding its work principle. The simple description is based on measurements, while the complex description relies heavily on mathematical methods (Henry, 2002) . In order to describe a city, we try to express it using data. As Lord Kelvin pointed out: "When you can measure what you are speaking about, and express it in numbers, you know something about it; but when you cannot measure it, when you cannot express it in numbers, your knowledge is of a meager and unsatisfactory kind." (Cited from Taylor, 1983 , page 37) Mathematical description is not independent of measurement description, as measurement can be treated as the basic link between mathematics and empirical studies (Taylor, 1983) . In order to show the results from a measurement, we should to find the characteristic scale of a thing. A characteristic scale is a special 1-dimensional measure and can be termed characteristic length, which can transform a great number of numbers into a simple number. Unfortunately, in many cases, it is impossible to find a characteristic length to describe a complex system such as a city and a system of cities. If so, we should substitute scaling concept for the characteristic scale concept. Fractal geometry can be regarded as one of the best mathematical tools for scaling analysis.
What is a fractal? This is not a problem for many scientists who are familiar with fractals. A fractal is regarded as a shape that is made of parts similar to the whole in some way (Feder, 1988) .
Quantitatively, a fractal is defined as a set for which the Hausdorff-Besicovitch dimension is strictly greater than the topological dimension (Mandelbrot, 1983) . These definitions are suitable for the classical fractals, which belong to what is called thin fractals. The general concept of fractals is well known, but how to understand fractals is still a problem for specific subjects such as urban geography. A fractal has no characteristic scale and cannot be described with traditional measures such as length, area, volume, and density. The basic parameter used for fractal description is fractal dimension. Because the length of coastline cannot be effectively measured, Mandelbrot (1967) put forward the concept of fractal dimension. Where there is an immeasurable quantity, there is symmetry (Lee, 1988) . The discovery of fractals is essentially a discovery of scaling symmetry, namely, the invariance under contraction or dilation. The immeasurability of the length of coastline enlightened Mandelbrot (1989) to think about the problem of contraction-dilation symmetry (Mandelbrot and Blumen, 1989) . In urban studies, it is impossible to determine the length of urban boundary and the area within the urban boundary objectively (Batty and Longley, 1994; Frankhauser, 1994) . In this case, it is impossible to quantify the population size of a city. The precondition of determining urban population size is to determine urban boundary line effectively. Population is one of the central variables in the study of spatial dynamics of city development (Dendrinos, 1992) , and it represents the first dynamics of urban evolution (Arbesman, 2012) . If we cannot measure urban population size, how can we describe a city? If we cannot describe a city, how can we understand the mechanisms of urban evolution? Fortunately, today, we can employ fractal dimension of urban form to replace urban area and urban population size. However, a new problem have emerged: how to define a city fractal and determine its fractal dimension? Although fractal cities have been studied for more than 30 years, some basic problems still puzzle many theoretical geographers. I have studied city fractals for 25 years, focusing on urban fractal modeling and related spatial analysis methods. During this process, I encountered many problems, and I have been thinking of these problems and the related solutions for a long time. Now, I want to express my opinions on fractals and fractal dimension of urban form based on my own long-term research experience on fractal cities. The value of an article does not rest with the correctness of its academic viewpoints, but with the enlightenment and inspiration to readers.
Fractal cities and city fractals

Are cities fractals
Is the coast of Britain a real fractal line? In fact, we cannot find any real fractals (based on fractal geometry) in the real world. This is like that we cannot find circles and triangles (based on Euclidean geometry) in the real world. All of the fractal images we encounter in books and articles represent pre-fractals rather than real fractals in mathematical sense. A real fractal has infinite levels, which can only be revealed in the mathematical world, but a pre-fractal is a limited hierarchy, which can be found in any textbooks on fractals. We can use the ideas from fractal geometry to research prefractals, including regular pre-fractals and random pre-fractals. The coast of Britain can be regarded as a pre-fractal curve instead of a real fractal line. However, we can study the coast of Britain using the ideas from fractals and fractal dimension. Similarly, cities are not true fractals, but proved to be random pre-fractals because urban form has no characteristic scales. A great number of empirical studies show that, based on certain scaling range, urban form satisfy three necessary and sufficient conditions for fractals (Table 1) . Urban form follow power laws, which indicates that cities can be treated as pre-fractals. The basic property of a random pre-fractal object is that its scaling range is limited, and its fractal dimension value is based on the scaling range (see, e.g., Addison, 1997) . 
The relation between scale and the corresponding measures follow power laws
The fractal dimension D is greater than the topological dimension dT and less than the Euclidean dimension of the embedding space dE.
Entropy conservation
() Note: T-scaling transform; x-scale variable; f(x)-a function of x; λ-scale factor; b-scaling exponent; Dfractal dimension; dT --topological dimension; dE --Euclidean dimension of embedding space; q-order of moment; Pi, ri -growth probability of the ith fractal set and its linear scale; Dq-generalized correlation dimension.
Fractal geometry: an approach to scale-free analysis
Fractal geometry is a powerful tool for scaling analysis of scale-free phenomena such as urban form. Scaling suggests that there is no characteristic scale in a thing. Cities, in many aspects, have no characteristic scale and cannot be effectively modeled by the conventional mathematical methods.
In contrast, urban phenomena can be well characterized by fractal parameters. Natural and social phenomena can be roughly divided into two categories: one is the phenomena with characteristic scales, and the other is the phenomena without characteristic scales. The former can be termed scaleful phenomena, and the later can be termed scale-free phenomena (Table 2) . For the scaleful phenomena, we can find definite length, area, volume, density, eigenvalue, mean value, standard deviation, and so on. If the spatial distribution of this kind of phenomena is converted into a probability distribution, it has clear and stable probability structure and thus can be described with Gaussian function, exponential function, logarithmic function, lognormal function, Weibull function, etc. The conventional higher mathematics can be used as an effective tool for modeling and analyzing such phenomena. On the contrary, for the scale-free phenomena, we cannot find effective length, area, volume, density, eigenvalue, mean value, standard deviation, and so forth. If the spatial distribution of this sort of phenomena is transformed into a probability distribution, it can be characterized with power functions, Cobb-Douglas function (production function), or some type of functions including hidden scaling. The probability structure of the scale-free distributions is not certain. Traditional advanced mathematics cannot effectively characterize such phenomena. In recent years, a number of theoretical tools for scale-free analysis are emerging, including fractal geometry, wavelet analysis, allometric theory, and complex network theory. Among various "new" tools, fractal geometry represents an excellent method for scale-free modelling and scaling analysis. A city is a complex system with multifaceted characteristics. In some aspects, a city has characteristic scales, e.g., urban population density distribution, which follows negative exponential law and can be described with Clark's model (Clark, 1951) . In another aspects, a city has no characteristic scale, e.g., urban traffic network density distribution, which follows inverse power law and can be characterized with Smeed's model (Smeed, 1963) . Where land use is concerned, urban form follow power law distribution and can be treated as random pre-fractal patterns (e.g., Batty and Longley, 1994; Frankhauser, 1994) . In this sense, we cannot find effective characteristic scales for urban morphology. As a result, the traditional methods of quantitative analysis and mathematical modeling are often invalid for the research on urban form and growth. As a substitute, fractal geometry is one of feasible mathematical tools for the spatial analysis of cities.
How to define city fractals?
The angle of view for fractal studies of cities depend on the definition of embedding space. A city fractal can be defined in a 2-dimensional embedding space, and also it can be defined in a 3-dimensional embedding space (Thomas et al, 2012) . Majority of fractal cities are defined in a 2-dimension embedding space based on digital maps or remote sensing images (e.g. Batty and Longley, 1994; Benguigui et al, 2000; Frankhauser, 1994) . However, some scholars studies fractal cities through 3-dimensional embedding space (e.g., Qin et al, 2015) . Many scholars pay attention to urban fractals defined in the 3-dimensional embedding space (Thomas et al, 2012) . In fact, a fractal based on the 3-dimensional embedding space can be explored through the 2-dimensional embedding space. In the simplest case, the relationship between the fractal dimension based on 2-dimensional embedding space, D
, and the fractal dimension based on 3-dimensional embedding space, D
, is as follows, D
=1+ D (2) (Vicsek, 1989) .
Generally speaking, we define the city fractals in a 2-dimensional embedding space. The main reasons are as follows.
First, fractal dimension is used to replace the 2-dimensional urban area rather than the 3--dimensional urban volume. In order to study a city, we must describe a city; in order to describe a city, we must know its basic measures such as population size, urban area, and economic output.
Unfortunately, urban form has no characteristic scales due to its fractal properties, and thus urban boundary cannot be objectively determined. Urban area cannot be objectively calculated because the measurement results depend on scales. This the well-known scale-dependence property of urban form, the cause lies in scale-free distribution of urban land use. In this case, fractal dimension of urban form can be employed to replace urban area to reflect the extent of space filling. The fractal dimension as a degree of urban space filling is exactly a substitute of urban area. Urban area is a scale-dependent measure, while fractal dimension is scaleful parameter. In this sense, fractal dimension is more effective than urban area to reflect urban spatial development. By the way, some scholars prefer to define a city fractal in a 3-dimensional space, this means that they try to calculate a fractal dimension based on 3-dimensional embedding space to replace urban volume.
Second, the general principle of model building is based on reduction of dimension. The effective skill of scientific quantitative analysis is to reduce dimension instead of to increase dimension. The basic relation between spatial dimension n and the degree of analytical complexity C can be expressed as C=n(n-1)/2. The well-known Clark's law of urban population density distribution in a 2-dimensional space is actually based on a 1-dimensional space, but this model reflect the geographical information in a 3-dimensional space (Clark, 1951) . In other word, the population distribution in the 3-dimensional space is projected to the 2-dimensional space by population density, and then the mathematical expression is established on the base of the 1-dimensional space with the help of statistical averaging. The same is the case with Smeed's model on urban traffic density distribution (Batty and Longley, 1994; Smeed, 1963) . If we study a city fractal through a 3-dimensional embedding space, the amount of work and difficulty of fractal dimension calculation is considerably increased, and the accuracy of fractal parameter estimation is reduced, but the increment of gained geographic information is very limited. In short, it is hard to promote the analytical effect of fractal cities significantly by substituting the 2-dimensional embedding space with the 3-dimensional embedding space. Based on Clark's law and scaling analysis, urban population distribution proved to be a 2-dimension phenomena (Dp =2) (Chen and Feng, 2012) . If the urban form is defined in a 3-dimensional embedding space, the fractal dimension Df values will come between 2 and 3, and the allometric scaling exponent b values will be greater than 1. However, the observational values of allometric scaling exponent b values range from 2/3 to 1 in the most cases, that is, 2/3<b<1 (Chen, 2010; Lee, 1989; Louf and Barthelemy, 2014a) . This suggests that the dimension of urban form, Df, comes between 1 and 2. In fact, in urban studies, fractal dimension is a concept of comparability. The fractal dimension value depends on the definition of embedding space.
If a city fractal is defined in a 2-dimensional embedding space, the fractal form includes two aspects: urban area and urban boundary. The above discussion is actually based on urban area, but urban boundary can be treated fractal lines (Batty and Longley, 1988; Batty and Longley, 1994; Benguigui et al, 2006; Chen, 2011; Longley and Batty, 1989a; Longley and Batty, 1989b; De Keersmaecker et al, 2003) . The closed urban boundary curve is termed urban envelope, in which we can determine a Euclidean urban area (Batty and Longley, 1994; Longley et al, 1991) . The length of urban boundary and the Euclidean area within the urban envelope follow the geometric measure relation as follows
where A refers to the Euclidean area of a city, L denotes the length of urban perimeter, a is the proportionality coefficient, and Db is the fractal dimension of urban boundary, which can be termed boundary dimension (Chen, 2011) . In fractal, equation (1) can be generalized to the more general expression as below (Benguigui et al, 2006; Chen, 2013) :
where A refers to the Euclidean area of a city, and Df is the fractal dimension of "urban area".
Equation (2) is in fact an allometric scaling relation of urban shape (Chen, 2013) . The topological dimension of urban boundary is dT b =1, so the boundary dimension is greater than 1. The fractal parameter value comes between 1 and 2, that is, 1< Db <2. Now, a question appears. What determines the lower limit of fractal dimension of urban morphology, urban area or urban boundary?
The answer is clear. If we study urban form and try to substitute urban area with form dimension, it is the topological dimension of urban area that determines the least value of the fractal dimension;
on the other, if we research urban boundary and attempt to replace urban perimeter length with boundary dimension, it is the topological dimension of urban boundary that determine the minmum value of the fractal dimension. In the most cases, we study urban area (fractal subsets) rather than urban boundary (fractal lines).
The lower and upper limits of fractal dimension
Fractal dimension values have strict lower limit and upper limit. This is beyond doubt. However, what are the lower limit and upper limit of the fractal dimension of urban from? This is still a pending question. Empirically, if a city fractal is defined in a 2-dimensional embedding space, the fractal dimension value come between 0 and 2 (Chen, 2012; Chen, 2018; Shen, 2002; Thomas et al, 2007) . In theory, the lower and upper limits of fractal dimension of urban form rely on the topological dimension and embedding dimension. In many cases, the box-counting method is employed to estimate the fractal dimension values of urban form. The lower limit of the fractal dimension Dmin depends on the topological dimension of urban form dT, while the upper limit Dmax depends on the Euclidean dimension of the embedding space dE. As indicated above, the embedding space can be defined as a 2-dimensional space, thus the Euclidean dimension of dE=2, so we have Dmax≤dE=2. As for the topological dimension of urban form, dT, in theory, it should be dT=0.
Therefore, we have Dmin≥dT=0.
How to determine the topological dimension of urban form? As we know, the Lebesgue measures of real fractals are zero (Mandelbrot, 1982) . This suggests that, if we treated urban form as a fractal, the urban area of land use should be treated as zero. Please note that this is based on theoretical understanding, which is different from reality. How to understand the assumption that the area of urban fractal is 0? This means that an urban fractal can be reduced to either a point set or a spacefilling curve under the limit conditions. For a point set, the topological dimension is dT=0; while for a space-filling curve, the topological dimension is dT=1. In fact, using ArcGIS technique, we can reduce a city fractal to a point data rather than a space-filling curve. This indicates that the topological dimension of city fractals is dT=0 instead of dT=1. According to Shen (2002) In practice, the lower and upper limits of fractal dimension of urban form depend on the methods of defining study area. There are two approaches to obtaining the time series of the fractal dimension values of urban growth and form (Chen, 2012) . One is based on constant study area (Batty and Longley, 1994; Shen, 2002) , and the other, based on variable study area (Benguigui et al, 2000; Feng and Chen, 2010) . Each approach has its advantages and disadvantages (Table 3) . If we define a study area with fixed size for different years, the largest box can be determined by the urban boundary of the recent year. Then, the largest box can be applied to digital maps of the city in previous years (Figure 1(a) ). Using the same set of boxes, we estimate the fractal dimension values of urban form in different years. Based on this approach, the fractal dimension values of a city's form in different years are more comparable. If the sample path is very long, the original urban form can be treated as a point. As a result, the fractal values may come between 0 and 2 (Chen, 2012; Thomas et al, 2007) . In contrast, if we define a variable study area, the size of the largest box is determined by the urban boundary in a given year. Thus, the largest boxes are different for different years (Figure 1(b) ). Based on this approach, the comparability of fractal dimension values of urban form in different years is reduced. But these fractal dimension values can better reflect the degree of urban space filling. As a result, the fractal values may come between 1 and 2 (Chen, 2012) . 
Fractal modeling of urban form
Two research directions of fractal cities
the other is to understand the mechanism of the system's work. In short, scientific studies should proceed first by describing how things work and later by understanding why (Gordon, 2005) . Accordingly, scientific method contains two elements: description and understanding. Concretely speaking, as stated by Henry (2002, p14) : "The two main elements of this scientific method are the use of mathematics and measurement to give precise determinations of how the world and its parts work, and the use of observation, experience, and where necessary, artificially constructed experiments, to gain understanding of nature." A comparison between the two elements of scientific process can be drawn as follows (Table 4 ). The most important method of scientific description is to establish mathematical models. Fractal theory comprise two related parts: one is the scaling theory of complex systems, and the other is the mathematical method known as fractal geometry. As a complex system theory, it can be employed to understand complexity of cities; as a geometry, it can be used to describe cities from the angle of view of scaling analysis. In fact, a mathematical theory plays two roles in any scientific research (Table 5) . One is make models and develop theory (mathematical modeling), and the other is process experimental and observational data (statistical analysis). In urban studies, fractal geometry can serve two functions. One is to establish models for cities and systems of cities, and the other is to make empirical analysis of cities using observational data. Many scholars utilize fractal geometry to process the observational data of urban geography, but I emphasize the basic function: mathematical modeling. No matter what types of studies are made, there is no contradiction between models and observed data. All models relies heavily on observational data. In fact, one of the main tasks in scientific research is to make models. As Neumann (1961) said:
"The sciences do not try to explain, they hardly even try to interpret, they mainly make models." I agree with Hamming (1962) , who said: "The purpose of modelling is insight, not numbers." Karlin (1983) has similar viewpoint: "The purpose of models is not to fit the data, but to sharpen the questions." However, the confidence level of a model depends heavily on the relationship between mathematical expression and observed data. In order to verify a mathematical model, we must fit it to observational data and illustrate the statistical relationships and analytical effect. I am very much in favor of his viewpoint of Louf and Barthelemy (2014b) , who said: "The success of natural sciences lies in their great emphasis on the role of quantifiable data and their interplay with models.
Data and models are both necessary for the progress of our understanding: data generate stylized facts and put constraints on models. Models on the other hand are essential to comprehend the processes at play and how the system works. If either is missing, our understanding and explanation of a phenomenon are questionable. This issue is very general, and affects all scientific domains, including the study of cities." The basic functions of mathematical models are explanation and prediction. As Fotheringham and O'Kelly (1989) pointed out, "All mathematical modelling can have two major, sometimes contradictory, aims: explanation and prediction." Not only that, as Kac (1969) observed, "The main role of models is not so much to explain or predict-although ultimately these are the main functions of science-as to polarize thinking and to pose sharp questions." The chief uses of fractal models lie in explanation and prediction. Let's take the logistic model of fractal dimension curves as an example. The model can be used to explain the speed change characteristics of urban growth (Chen, 2018) . It can tell us when the growth rate of a city will peak. It can also tell us the maximum space-filling index of a city's land use. What is more, the model can sharpen questions for us. For example, the similarity and difference between the model of fractal dimension curves of Chinese cities such as Beijing and that of the cities in western countries such as London, Baltimore and Tel Aviv give rise to new thinking about the spatial dynamics of urban evolution.
Two approaches to modeling cities
As indicated above, one of important tasks of fractal urban studies it to make models. As Longley (1999, Page 605) pointed out, "In the most general terms, a 'model' can be defined as a 'simplification of reality', nothing more, nothing less." In scientific research, mathematical models can be classified into two categories: mechanistic models and parametric models (Su, 1988) .
Accordingly, there exist two approaches to establishing mathematical models: analytical method and experimental method (Zhao and Zhan, 1991) (Table 6 ). The so-called analytical method is the approach to deriving a mathematical model with the help of the existing scientific theories and laws, and in light of the relationship and evolution of the various components of the studied system. The (Clark, 1991) . The model was originally presented as an empirical model based on observation data (Batty and Longley, 1994) . However, it has become a theoretical model because it can be derived from the postulates of spatial entropy maximization of urban population distribution (Chen, 2008) . In an article, limited to the conditions at the time, we may fulfil some aspect of the research work, not necessarily complete all the research process. 
Fractal models and parameters of cities
We have at least three approach to develop mathematical models of urban form by using ideas from fractal theory. The first is to make new models, the second is to improve the old models, and the third is to borrow models from other disciplines (Table 7) . A typical example is the models of fractal dimension curve of urban form, different approaches result in different models, and different models are suitable for different situations (Chen, 2012; Chen, 2018) . It is necessary to briefly comment on the third way. In scientific research, a mathematical model can be transplanted from a field and applied to another field. The logistic function was originally proposed by Verhulst in 1838 to prediction population growth (Banks, 1994) . Today, the well-known logistic function has been employed to predict many growing phenomena in many different fields, including urbanization level and fractal dimension growth (Chen, 2018) . Similarly, Boltzmann equation can also be generalized to other fields and to model urban growth (Benguigui et al, 2001; Chen, 2012) . The allometric growth equation of urban geography came from biology (Naroll and Bertalanffy, 1956; Chen, 2011 ).
The gravity model of geography resulted from Newton's law of universal gravitation by analogy, and the spatial autocorrelation models of geography come from mathematical biology. These examples are too numerous to enumerate. The uniqueness of different fields is always determined by the physical meaning of model parameters rather than by the expression of mathematical models.
The mathematical expression of the model is often general, but the parameters are for special purposes. The same mathematical model can be applied to many different fields, but different fields have different parameter meanings. The notion of maximum and minimum of fractal dimension discussed above is important for making models of the fractal dimension curves of urban form. The fractal dimension curve results from the time series of urban growth. In theory, we can calculate the fractal dimension values of a city's form in different times. This values compose a sample path of fractal dimension, and further form a curve of fractal dimension change of urban morphology. A sample path can be regarded as a subset of a time series (Diebold, 2007) . Due to the lower and upper limits of urban fractal dimension, a fractal dimension curve takes on squashing effect and can be described with one of sigmoid functions such as logistic function and Boltzmann's equation (Chen, 2012; Chen, 2014; Chen, 2018) . On the other hand, how to determine fractal parameter values depends on specific research objectives and data conditions. This is a complex problem and needs to be judged on the basis of long-term research experience. Even for theoretical research, if the sample path of fractal dimension is short, we can take Dmin=1 and adopt the quadratic Boltzmann equation. For example, in one of studies made by Chen (2018) , the time span is about 25 years . All the fractal dimension values are greater than 1. On the other hand, even for application research, if the sample path of fractal dimension is very long, we can take Dmin=0 and adopt the quadratic logistic function.
For instance, for the study of Shen (2002) , the time span is about 200 years . One of the fractal dimension values for early years is less than 1. The situations can be classified into four groups and tabulated as below (Table 8 ). In the revised manuscript, we make two models to predict
Beijing's urban growth. One is the quadratic logistic model based on Dmin=0, and the other is the quadratic Boltzmann model based on Dmin=1. The effect of and conclusions from the two models are similar to one another. 
Questions and discussion
Problems of fractal dimension values
The concept of fractal dimension proceeded from Hausdorff's fractional dimension. Today, there various definitions for fractal dimension, and the common fractal dimensions in urban studies is box dimension and similarity dimension. The box dimension is mainly suitable for the spatial structure of cities and systems of cities, while the similarity dimension is chiefly applied to urban hierarchies, including hierarchies of cities and hierarchies of urban internal elements such as land use patches.
Generally speaking, fractal dimension values come between the topological dimension and the Euclidean dimension of embedding space. For a regular fractal, if fractal copies/units have no overlapping, its Hausdorff dimension will equal similarity dimension. Empirically, both Hausdorff dimension and similarity dimension can be represented with box dimension. All these dimension values are less than the Euclidean dimension of the embedding space and greater than the topological dimension of fractal objects. However, if fractal copies have overlapped parts, the similarity dimension will exceed the dimension of embedding space in value. Thus, similarity dimension will not equal Hausdorff dimension or box dimension. In contrast, the box dimension will never exceed the embedding dimension.
Let's examine two kinds of fractal dimension of the fractals with overlapped parts. The interior boundary line of the Sierpinski gasket is a typical fractal line with overlapped parts (Figure 2) . The initiator is a straight line segment with length of unit (Figure 3(a) ), the generator is a curve consisting of 5 straight line segments with length of 1/2 unit (Figure 3(b) ). From step 3 on, fractal copies begin to overlap one another, and the overlapped parts are marked with red circles (Figure 3 The similarity dimension and box dimension can be calculated by the ideas from fractal dimension. In the mth step, the length (linear size) of line segments can be expressed as 
Thus the similarity dimension is 
where j=1,2,…m-1. Under the condition of limit, the result is 
For this special regular fractal, box dimension equals Hausdorff dimension in theory. Therefore, for the regular monofractals with overlapped units, we have the following relation: Hausdorff dimension = box dimension <embedding space dimension <similarity dimension. However, for the regular monofractals without overlapped units, the dimension relation is as follows: Hausdorff dimension = box dimension= similarity dimension <embedding space dimension.
New measurements based on fractal dimension
Fractal dimension is a measure for scale-free phenomena, which have no characteristic scales and cannot be effectively described by traditional mathematical methods. Where cities is concerned, the meanings and uses of fractal dimension of urban form rest with at least three aspects: degree of space filling, degree of spatial uniformity, degree of spatial complexity. As a space-filling index, fractal dimension can be used to reflect the replacement process of urban and rural space in theory.
Unfortunately, it is both impossible and unnecessary to distinguish between urban area and rural area strictly. When we define a study area for a fractal cities, it comprises urban buildings, rural buildings, and other types of land. Various types of land form a hierarchy with cascade structure of land use based on different levels of scales (Kaye, 1989) . In the urban regions, there are rural buildings, and in the rural regions, there are urban buildings. If we examine a city's form from various spatial scales, we can find interlaced distributions of urban and rural land and buildings. The hierarchy with cascade structure of urban and rural landscapes should be described with multifractals (Chen, 2016) . To solve the problem, we can use the concepts space-filling extent, U(t), and space-saving extent, V(t), to replace urban land use and rural land use (Chen, 2012) .
Fractal dimension can be treated as a basic measure of urban growth, and this measure is used to replace urban area. As indicated once and again above, due to scale-dependence of urban spatial measurements, urban area cannot be objectively determined, while fractal dimension is a scale-free parameter, which can be employed to substitute urban area to reflect space filling and land use extent.
Based on fractal dimension of urban form, a set of urban measurements or indexes can be defined to describe city development. The measurements are tabulated as follows (Table 9) . (1 In fact, the space-filling ratio is a normalized fractal dimension, and the normalized fractal dimension proved to equal the normalized spatial entropy of urban form (Chen, 2012; Chen, 2018) . The spatial entropy reflects the land-use extent of an urban region, namely, the degrees of space-filling and spatial uniformity. 
Ratio of remained space to used space
The analytical process and discussion of this paper is based on the standard definition of fractals.
A fractal has three elements, i.e., form, chance, and dimension (Mandelbrot, 1977) . The first definition of Mandelbrot (1982, page 15 ) based on dimension and chance is as follows: "A fractal is by definition a set for which the Hausdorff -Besicovitch dimension strictly exceeds the topological dimension." The second definition based on form and chance is as below: "A fractal is a shape made of parts similar to the whole in some way." The second definition is given by Mandelbrot but published by Feder (1988, page 11 (Jiang and Yin, 2014) . According to the new definition, the quantitative criterion of fractals is replaced by the head/tail index (Jiang, 2013; Jiang, 2015) : the htindex of a fractal set or fractal pattern is at least three (Jiang and Yin, 2014) Definitions of concepts or terms are most likely to lead to ambiguity, misunderstanding, and controversy. Therefore, scientific should sidesteps the terminological minefield so that we can move beyond the semantic debate (Gallagher and Appenzeller, 1999) . On the one hand, we should leave certain room for developing and consolidating a definition as the research approach continues to mature (Gallagher and Appenzeller, 1999 Arbesman, 2012) . I know if it is a city when I see a city, I
know if it is a fractal when I see a fractal, and I know if it is a scientific research when I see a research.
Conclusions
Fractal geometry provides us a new mathematical framework of describing urban morphology.
To characterize urban form and explain urban growth, we need various fractal dimensions. To understand fractal dimension concept, we should know the notions of topological dimension and Euclidean dimension of embedding space in which fractal cities are defined. Fractal theory can be employed to make spatial analysis for the scale-free aspects of urban morphology. The main points of this paper can be summarized as follows.
First, fractal geometry is powerful tool of scale-free analysis, and urban morphology is typical scale-free geographical phenomenon. Therefore, fractal theory can be naturally applied to urban studies. Cities are not true fractals, but they can be treated as random pre-fractals, which bear fractal properties within certain scaling ranges. If urban form had characteristic scales, we would be able to calculate urban area and urban perimeters. Thus urban form can be described with the methods from traditional advanced mathematics. Unfortunately, urban form has no characteristic scales, it belong to scale-free distributions. A great many studies show that urban form follow power laws indicative of fractal nature. In this case, it is a advisable selection to employ fractal geometry to describe urban morphology and make scaling analysis of urban patterns and processes.
Second, the most proper dimension of embedding space for city fractals is 2 dimension rather than 3 dimension. The upper limit of fractal dimension of urban form should not exceed the embedding dimension. A city fractal can be defined in a 2-dimensional space, and it can also be defined in a 3-dimensional space. It is better to define city fractals in a 2-dimensional space. On the one hand, fractal dimension is used to replace urban area, which cannot be objectively measured due to scale-free distribution of cities. Urban area is a measure defined in 2-dimensional space.
Therefore, city fractals can be defined in 2-dimensional space so that fractal dimension can be employed to well replace urban area. On the other hand, the criterion of scientific method is to reduce dimensions rather than increase dimensions. Moreover, more available datasets of cities are based on 2-dimensional space. It is simpler and more effective to analyze a city fractal through 2-dimensional space.
Third, the topological dimension of urban form is 0 dimension rather than 1 dimension. The lower limit of fractal dimension is equal to or greater than the topological dimension. In theory, urban form can be reduced to point sets, so the topological dimension of city fractals is dT=0. The lower limit of fractal dimension of urban form is Dmin=0. The topological dimension of urban boundary is 1, but the most important city fractals are based on urban area instead of urban boundary.
In practice, the lower limit of fractal dimension of urban form can also be treated as Dmin=1 especially when the sample path is short. Based on the constant study area and fixed largest box, the lower limit of fractal dimension of urban form should be taken as Dmin=0. Based on the variable study area and unfixed largest box, the lower limit of fractal dimension of urban form should be taken as Dmin=1. Based on the constant study area, fixed largest box and long sample path (time span is very large), the fractal dimension values of urban form is sometimes D<1. How to take the Dmin value, it depends on the concrete situation.
